We have constructed a three-dimensional reaction-diffusion model of the mammalian cardiac calcium release unit. We analyzed effects of diffusion coefficients, single channel current amplitude, density of RyR channels, and reaction kinetics of ATP 
Introduction
In myocytes of working mammalian myocardium, a large portion of calcium required for contraction is released from terminal cisterns of sarcoplasmic reticulum (SR). Terminal cisterns form specialized structures with the sarcolemma, known as dyads, which represent mutually independent calcium release units that generate elementary calcium release events [1] [2] [3] [4] . The gap between the sarcolemmal and cisternal membrane, ∼15 nm wide [5] , is filled with the cytoplasm. There, approximately 30-250 ryanodine receptors (RyRs) are clustered on the SR membrane in a regular two-dimensional lattice [6] . In addition to rapid and steeply concentrationdependent regulation by calcium [3, 7, 8] , RyR activation is controlled also by Mg 2+ ions [9, [10] [11] [12] [13] . Ca 2+ ions released through RyRs diffuse through the dyadic space and bind to mobile and immobile calcium buffers [14] . Both Ca 2+ and Mg 2+ form weak complexes with adenosine triphosphate (ATP 2− ) that dissociate rapidly [15] . Additionally, ATP 2− is also well known as RyR regulator that substantially increases the probability of RyR opening [16, 17] . Therefore, the knowledge of spatial and temporal development of all these three species is necessary to understand activity of release units during activation and termination of calcium release, the exact molecular mechanisms of which are far from being clearly understood (see [3, 7, 8] for review). Inasmuch as the phenomena occurring at the scale of nanometers within the dyadic cleft are not directly observable by existing techniques, mathematical modeling is used for analyses of hypotheses on calcium release mechanisms [18] [19] [20] .
Models of calcium diffusion and binding in the cytosol have been used for theoretical reconstruction of calcium sparks to determine the time course and amplitude of calcium release flux in cardiac calcium release units. Due to incomplete understanding of the kinetic properties of cytoplasmic components, different groups [21] [22] [23] [24] [25] [26] [27] [28] [29] arrived at calcium flux estimates ranging widely in amplitude (2-50 pA), duration (5-10 ms), time course (time-invariant or exponentially decaying amplitude), and number of RyRs involved (2-30 channels). Interpretation of the experimental results is thus very strongly dependent on models and their parameters. Nevertheless, these estimates demarcate the most probable range of dyadic calcium release flux amplitudes and durations.
A deeper insight into calcium movement and buffering in the dyadic cleft has been obtained from theoretical treatment of Ca 2+ fluxes through various pathways (DHPR channel, Na-Ca exchanger, cisternal SR membrane) not accounting for individual gating events. Langer and Peskoff [30] built a radially symmetric one-dimensional model of the dyadic cleft during calcium release. In this study, Ca 2+ concentration in the center of the dyadic space was estimated to peak at 0.6 mM and to decline to the diastolic level (100 nM) within 150 ms. Soeller and Cannell [31] solved 2D electrodiffusion of Ca 2+ from a single DHPR channel in a cylindrical model of dyadic cleft. For a DHPR current of 0.2 pA, [Ca 2+ ] at the center of the dyadic space reached peak levels of ∼73 μM and descended to the initial value within ∼10 ms after the channel closure.
Another approach involved the kinetics of DHPR and RyR gating and of Ca 2+ buffering. Ordinary differential equations (ODEs) describing a set of cell compartments were used alone [32, 33] or in combination with Monte-Carlo simulation of channel gating [34] [35] [36] to simulate whole-cell membrane currents or action potentials and cytosolic calcium transients. Alternatively, partial differential equations (PDEs) were used to describe spatial distribution and movement of the involved reactants simultaneously with stochastic generation of individual gating events [18, 37] . Due to the large computational expense of this approach, simplified PDE systems with reduced dimensionality were used. It has been shown [37] that RyRs can respond rapidly (∼0.4 ms) to calcium influx via DHPRs. Possible allosteric interactions between RyRs were proposed to assure stable excitation-contraction coupling [18] .
The aim of this study was to create a three-dimensional (3D) reaction-diffusion model of the cardiac dyad and to examine the spatial and temporal evolution of concentrations of Ca 2+ , Mg
2+
and ATP 2− , the species involved in calcium signaling, after the onset of calcium release. We analyzed the effect of diffusion, single-channel current amplitude, and number of active RyRs on the spatial and temporal dynamics of Ca 2+ , Mg 2+ , and ATP concentration changes may modulate RyR activity during calcium release.
Methods

Biophysical model of the dyad
The dyadic cleft was modeled as a rectangular domain of 240 × 240 × 15 nm surrounded by cytoplasmic environment (Fig. 1) . The ryanodine receptors were represented on the SR membrane as point sources of Ca 2+ influx forming a lattice with 30 nm spacing [6] .
In the basic model, the unitary single RyR channel current was set to 0.36 pA [38, 39] . Calcium release was simulated as simultaneous opening of all RyRs in the cluster, lasting 10 ms. There is currently no consensus about the time course and size of calcium release flux and the number of open RyRs during an elementary calcium release event. Therefore, we have modeled calcium release as a constant flux lasting 10 ms [40] . The dyadic space could accommodate 49 densely packed RyRs. Calcium release was modeled first as synchronous opening of 49 RyRs. The amplitude of single-channel current was set to 0.36 pA. This value is in between the extreme values proposed previously (0.07 pA, [36] ; 1 pA, [29] ), and is close to the experimental estimates of i RyR in planar lipid bilayers under physiological conditions [38, 39] . The dyadic calcium release current was thus 17.6 pA, which corresponds to the larger published estimates of Ca release flux [21, 25] and was considered the upper limit for a dyad composed of 49 RyRs.
In this study, the dyadic calcium release flux was decreased from this limiting value either by a decrease of the single channel current amplitude or by activating only a subset of RyRs in the dyad during release. A decrease of the calcium current through open RyRs can be considered also as the first approximation of another natural mechanism reducing the ion flux, the rapid flickering of channels. Uncoordinated gating of a subpopulation of channels [41, 42] was represented by a decreased surface density of open RyRs in the SR plane. The latter two approaches are extreme cases of very rapid and very slow random openings and closures of RyRs. It can be assumed that realistic RyR kinetics will produce results that are intermediate between these two extremes. Coordinated opening and closure [43] of a subpopulation of channels [19, 42] was modeled by a condensed cluster of RyRs in the center of the dyad.
The following processes were taken into account in the model: diffusion of Ca 2+ ; and calcium binding by phospholipids of the sarcolemmal membrane, the kinetics of which were modeled using the rapid equilibrium approximation [30, 44] . In contrast to the sarcolemma, the calcium binding sites on the SR membrane are not those of phospholipids, but those of the SR calcium pump (SERCA) [31] . It is generally accepted that the SR membrane of the dyadic space is almost completely occupied by the RyRs [6] . Therefore, we have not included any SERCA calcium binding sites on the SR membrane of the dyadic space into the model. The calcium buffers troponin and calmodulin were not included into the dyadic space either. Troponin is present only in the myofilaments. Although calmodulin might be present at a concentration of ∼25 μM of Ca 2+ binding sites [31] , this concentration represents only ∼10 binding sites per dyad, and simulations that included 0 or 25 μM calmodulin Ca 2+ binding sites were indistinguishable (data not shown). , respectively, and half-saturation constants of 1.1 and 0.013 mM, respectively [14] .
The rate constants for the reaction of ATP 2− with Mg 2+ under physiological conditions are not known. The published estimates in the literature differ by two orders of magnitude: First, encounter-controlled reaction rates have been assumed, which gave on-rate constants for binding of Mg 2+ and Ca 2+ on the same order of magnitude [45] , and which are compatible with the results of NMR measurements of MgATP kinetics under less physiological conditions [48] . Second, extrapolations have been made [49] for the on rates based on data measured by the temperature jump method under another conditions [15] , which gave on-rate constants for binding of Mg 2+ and Ca 2+ differing from each other by two orders of magnitude. Therefore, in the absence of other evidence, we decided to use both sets of rate constants (Table 1) and to compare the results.
In the model, we have neglected the effects of other polyphosphates. Most of them are either present at low concentrations, or their affinity to divalent cations is much less than that of ATP, or both. For instance, the total ADP concentration in the cytosol is ∼5μM [45] , about three orders of magnitude lower than that of ATP, and the stability of both CaADP and MgADP complexes is approximately 10 times lower than stability of CaATP and MgATP, respectively [45] , making the buffering effect of ADP negligible in comparison with ATP.
The initial Ca 2+ concentration in the dyadic space was set to 0.1 μM, equal to the resting cytosolic concentration. Initial values for other components were calculated from the corresponding chemical equilibria using 3 mM total MgATP concentration, which gave the concentration of both, total ATP and free Mg 2+ within the range of estimates in a healthy cardiac cell [50] [51] [52] , and which corresponds to conditions often used in electrophysiological experiments [13, 26, 28] .
Diffusible species such as Ca 2+ , Mg 2+ , ATP 2− , CaATP, MgATP may diffuse from/into the enclosing cytosolic compartment only at the side edges of the dyadic space, as both the upper and lower boundaries are represented by impermeable membranes. We applied the approximation of a dynamic cytosolic compartment with a volume of 8 μm
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, in which concentrations of all reacting species were considered spatially uniform. However, we considered the temporal dynamics of the chemical reactions in the compartment. The volume of the cytosol was set so that [Ca 2+ ] at the edge of the dyad did not exceed experimentally observed cytosolic calcium levels. In addition to the chemical reactions in the dyadic space, in the cytosolic compartment we also included Ca 2+ buffering by calmodulin, troponin, and SERCA. Furthermore, we included removal of calcium from the cytosol by SERCA and by the sarcolemmal Na/Ca exchanger (NCX). The parameters of the cytosolic buffers and transport systems were mostly those collected by Stern et al. [18] and they are given in Table 2 . The amounts of NCX and SERCA in the cytosolic compartment were adjusted to provide a half-time of calcium decline similar to experimental estimates [53] .
Mathematical description
Assuming diffusion and kinetics to be governed by the Fick's law and the law of mass action, the reaction-diffusion system with an array of n point sources of calcium influx in the dyadic space was described by partial differential equations (PDEs):
where the symbols in square brackets denote concentrations of reactants at a space location and time t. The symbols ∇ 2 and δ 3 stand for the Laplace operator and the Dirac delta function, respectively, both in 3D Cartesian coordinates with the origin set to the left-front-bottom corner of the domain. i RyR represents the unitary Ca 2+ current of a single RyR channel, F is the Faraday constant and the vectors x i describe the space location of the n individual point sources, each carrying the current i RyR . Provided that the diffusion coefficient D ATP is identical for CaATP, MgATP and ATP 2− , and provided that the species CaATP, MgATP, and ATP 2− were uniformly distributed at time 0, the mass balance equation for the total ATP concentration,
is fulfilled anywhere in the domain at all times. This means that the summation at the right side of Eq. (2) The fast set of rate constants was taken from [45] , while the slow set from [49] . Ca half-saturation constant for NCX mM 1.38 [48] NCX saturation factor at negative potentials 0.2 [48] ions, the boundary condition for the upper plane (sarcolemma) was set as in [54] :
in accordance with the expression for Ca 2+ flux density into the cleft from the SL binding sites derived by Langer and Peskoff [30] , where N 1 , N 2 denote surface densities of low-and high-affinity binding sites, respectively, and where K 1 , K 2 are the corresponding half-saturation constants. Time-dependent Dirichlet boundary conditions were prescribed at all four side edges of the dyadic space in conformity with the cytosolic compartment model.
The reaction dynamics in the cytosol was modeled by a set of 8 ordinary differential equations (ODEs), equivalent to Eqs. 4 and 6 of ref. [23] , describing the kinetics of Ca 2+ , Mg 2+ , CaATP, and ATP 2− , and the free forms of the cytosolic calcium buffers calmodulin, troponin, the Ca 2+ binding sites on the SERCA and those on the SL membranes exposed to cytoplasm. The equations for Ca 2+ , Mg 2+ , CaATP, and ATP 2− included terms describing fluxes from and into the dyadic space (see the next section for details) and the Ca 2+ equation included also calcium removal fluxes via SR membrane (J SERCA ) and via SL membrane (J NCX ), representing SERCA and NCX, respectively. The equations and the respective parameters for description of these fluxes were taken from [18] for J SERCA and from Winslow et al. [55] for J NCX :
where V max is SERCA pump maximum rate, K M is SERCA pump affinity (halfsaturation constant), and [Ca 2+ ] i stands for intracellular (cytosolic) free calcium concentration;
where the subscripts e and i denote extra-and intracellular concentrations of ions, respectively, A represents a scaling factor of Na/Ca exchange, K Na and K Ca are Na + and Ca 2+ half saturation constants for Na/Ca exchange, respectively, k sat denotes Na/Ca exchange saturation factor at negative potentials, η = 0.35 characterizes the voltage dependence of NCX, and V = 0 mV except when specifically noted otherwise. The parameters are summarized in Table 1 and  Table 2 . The initial equilibrium concentrations in the model of the cytosol were the same as those in the model of the dyadic space.
Numerical methods and software
For solving the set of time-dependent PDEs (Eq. (1)) we used a Vectorizable Local Uniform Grid Refinement (VLUGR3) solver for PDEs in 3D [56, 57] , as described previously [54] . In brief, the solver is coded in Fortran77 and it uses the Method of Lines combining an implicit time-stepping method with the adaptive grid algorithm. For space discretization, standard second-order differences are used. Where grid refinement is required, a grid cell is divided into 8 equal parts. The resulting system of ODEs or differential-algebraic equations (DAEs) is solved in time with the second-order two-step implicit BDF (backward differentiation formula) method with variable step sizes.
The domain representing the dyadic space ( Fig. 1 ) was covered by a basic grid of 8 × 8 × 3 elements. The maximal grid refinement was restricted to level 3. The maximum number of grid nodes was then 324, 2023, and 14157 at the levels 1, 2, and 3, respectively. The smallest space element was 7.5 × 7.5 × 1.25 nm. The system of ODEs modeling the reaction kinetics in the cytosol surrounding the dyadic space was solved simultaneously with the PDEs modeling the reaction-diffusion kinetics inside the domain, using the routine LSODE from the Fortran77 package ODEPACK [58] . ODEs were solved for each time interval between two successive time steps generated by the PDEs solver (VLUGR3). The fluxes from/into the domain were calculated from normal gradients of all components at the side edges of the domain, and were taken as constant during a single time interval. After each VLUGR3 time step, the cytosolic concentrations and the flux magnitudes were updated and used to evaluate the Dirichlet boundary conditions at the actual time in the next step. The LSODE solution was returned exactly at the desired time. To simulate behavior of the model during the relaxation period after closure of the RyR channels, the solver was restarted with the initial conditions set to the values calculated at the time of closure.
Due to the rectangular symmetry of the dyadic space in xy planes, the calculation space could have been reduced to a single quadrant of the whole area. Nevertheless, as the dyadic model was not generally intended to be symmetric, we decided to perform calculations in the full space. A typical simulation required 101 time steps for the first period (10 ms) when all RyRs were open, using the initial time step DT = 3 ns. The second relaxation period (from 10 ms to 10 s) took additional 80 time steps with the initial DT = 0.1 μs. The simulated data were visualized and calculations were performed in Origin (Ver. 7SR4, OriginLab, Northampton, MA) using LabTalk and OriginC.
Computer simulations
Computations were carried out on a PC i686 equipped with a 1.84 GHz AMD Athlon XP 2500 + processor and 1 GB RAM memory operating under Red Hat Linux 2.4.20-8. The g77 compiler at O2 optimization level was used. Computing time varied from ∼4 min to ∼1 h depending on the number of active channels and the magnitude of unitary current.
To test the accuracy of our mathematical implementation of the model, the physical time of the simulation was increased to 5 s while simultaneously turning the pump fluxes off. This time was long enough to ensure equilibration of all system components after closure of channels at t = 10 ms. The final concentrations were then used to verify the mass balance of calcium with respect to the amount of Ca 2+ ions that entered the dyadic space and the surrounding cytoplasmic area. ]. In addition, all equilibrium constants were recalculated using the final concentrations and compared to those determined from the input rate constants. The relative error did not exceed 3.5% in any case. Calcium mass balance was examined also at each VLUGR3 time step by comparison of the total initial amount of calcium updated by the total calcium influx from the SR at the current time with total calcium at the given moment (cytosolic pumps were turned off). The relative error did not exceed 1% in this case.
Results
The purpose of the simulation was to determine the dynamics of free Ca 2+ concentration in the dyadic space during calcium release with consideration of the major chemical species known to participate in calcium binding. Therefore, we have simulated the time course of Ca 2+ , Mg 2+ , and ATP diffusion and binding in the model dyad (Fig. 1) to assess their possible modulatory effect on RyR gating and on the dynamics of calcium release activation and termination. concentrations differed significantly. In the case of Ca 2+ , in addition to the overall gradient that developed over the dyadic space, steep local gradients persisted near each RyR ( Fig. 2A  and D) . The steady state was reached in two steps. During the early phase, the free Ca 2+ increase was similar above both, the central and the peripheral RyR (Fig. 2G) . Due to calcium binding to the high-affinity sarcolemmal binding sites, a pseudo-steady state leveled off at ∼300 μM between 0.1 and 100 μs. After that, the free calcium level started to rise, increasing more steeply in the center than at the edge of the dyadic space. The half-maximal levels were reached within 0.5 ms at both positions. The final steady state above the central (1.8 mM) and the peripheral RyR (1.0 mM) was also achieved simultaneously at ∼2 ms (Fig. 2G) (Fig. 2B , E, and I) and decrease in ATP 2− concentrations (Fig. 2C, F, and K) when the fast set of rate constants for reactions of ATP 2− with Ca 2+ and Mg 2+ was used (Fig. 2 , solid , ATP 2− concentrations, respectively, along the Z-axis in the center of the dyad (X = Y = 120 nm) at different times (shown next to the traces in ms) from the start of calcium release. Solid lines represent simulations with the fast set of rate constants; dotted lines represent simulations with the slow set of rate constants (Table 1) . lines). Using the slow set of rate constants [49] (Fig. 2, 2+ and ATP 2− , respectively. This rapid component of equilibration proceeded until the concentration of the given species in the dyadic space and in the cytosol was almost the same (within ∼40 ms). At this time, the free Ca 2+ concentration in the cytosol was 0.5 μM. After that, the equilibration of species in the dyadic space and in the cytosol proceeded at the same rate (see below).
The calculations of Ca 2+ , Mg 2+ , and ATP 2− concentrations along the Z-axis, i.e., between the membranes of the dyadic cleft (Fig. 2H , J, and L) also revealed substantial differences between distribution of Ca 2+ and of Mg 2+ and ATP 2− . Concentration gradient of Ca 2+ along the Z-axis at the central RyR built up within 50 μs, reached ∼0.4 mM/15 nm in the steady state, and briskly dissipated after termination of calcium release. Nevertheless, the distribution of Mg 2+ (Fig. 2J ) and ATP 2− (Fig. 2L ) along the Z-axis was homogenous due to spatiotemporal buffering.
The maximal Mg 2+ concentration within the dyadic space achieved during calcium release, calculated using the fast set of rate constants, was 0.71 mM (Fig. 2I and J) , i.e., by approximately 50% higher than the resting level. At the same time, concentration of ATP 2− was significantly reduced from 0.47 mM to 0.13 mM in the center of the dyadic space. The decrease of free ATP 2− was even more profound with the slow set of rate constants, from 0.50 mM to 0.076 mM.
The effect of diffusion coefficients on concentration profiles in the dyadic space
The effect of diffusion coefficients on the profiles of free Ca 2+ , Mg 2+ and ATP 2− concentrations is documented in Fig. 3A -C. It can be seen (Fig. 3A) that using the highest diffusion coefficients still led to a substantial accumulation of Ca 2+ in the dyadic space. On the other hand, the related changes in free ATP 2− concentration were substantially attenuated at elevated diffusion coefficients (Fig. 3C ) and the changes in free Mg 2+ concentration (with the fast set of rate constants) were almost obliterated (Fig.  3B) . Reduction of diffusion coefficients to the lowest estimates resulted in massive accumulation of Ca 2+ (Fig. 3A) and Mg
2+
(with the fast set of rate constants; Fig. 3B ) and to substantial reduction of ATP 2− (Fig. 3C) . The use of the slow set of rate constants (Fig. 3, dashed lines) led to similar profiles of steady state Ca 2+ distribution, but the concentration of Mg 2+ remained almost unaffected and changes in free ATP 2− concentration displayed a more pronounced trend, resulting in virtual elimination of ATP 2− from the central region of the dyadic space at low diffusion coefficients.
The effect of Ca
2+ release current on concentration changes in the dyadic space
The spatiotemporal dynamics of ion concentrations in the dyadic space during calcium release is determined mainly by the dyadic calcium release current (i CRU ), given by the number of RyRs (n RyR ) and their single-channel amplitude (i RyR ).
To get insight into the effect of the single channel current amplitude and of the open RyR channel density on the spatiotemporal dynamics, we have varied the i CRU in three different ways. In the first approach, the single-channel amplitude of current flowing through each of the 49 RyRs was varied. In the second approach, a cluster of neighboring RyRs containing a [31] . Solid lines represent simulations with the fast set of rate constants; dotted lines represent simulations with the slow set of rate constants (Table 1) .
variable number of channels that carry the release current was positioned in the center of the SR membrane (see the top center panel of Fig. 4 ). In the third approach, the surface density of open RyRs was varied (see the top right panel of Fig. 4 2+ concentration, a transient pseudo-stationary phase developed and persisted for ∼100 μs, during which calcium influx into the dyadic space was temporarily buffered by the sarcolemmal calcium binding sites (Fig. 4B) . At these times, only fixed calcium buffers in the immediate vicinity of RyR channels became significantly saturated by Ca 2+ . Therefore, as demonstrated in Fig. 4A , the increase in Ca 2+ concentration above any channel was proportional to the amplitude of calcium current flowing through the channel itself and was not significantly affected by calcium flux through neighboring channels. For the same reason, models in which n RyR was varied showed almost no effect of i CRU on the resulting Ca 2+ concentration above individual RyRs. At these early times, almost no change in the concentration of Mg 2+ could be observed, while concentration of ATP 2− at the reference point was decreased by up to~10% from the basal value, and the amplitude of its change was approximately proportional to i CRU . Using the slow set of rate constants provided almost the same linear dependence of Ca 2+ concentration on i RyR but no change in Mg 2+ concentration with increasing i CRU . The free ATP 2− was affected to a similar extent as for the fast set of rate constants. Saturation of the sarcolemmal Ca 2+ binding sites during prolonged calcium release led to a large increase of calcium concentration in the dyadic space and to formation of a new steady state within 1 to 3 ms, depending on the amplitude of i CRU as well as on the arrangement of open RyRs in the dyad (Fig. 4B ). This time, Ca 2+ increase was closely followed by a substantial increase in the concentration of Mg 2+ (with the fast set of rate constants; Fig. 4C ) and by a substantial decrease of ATP 2− concentration (Fig. 4D) . The calculated steady-state spatial profiles of Ca 2+ , Mg 2+ , and ATP 2− are provided in Fig. 4E , F, and G, respectively, for different i CRU values. Due to fast saturation of a significant fraction of calcium buffers in the whole volume of the dyadic space (data not shown), higher spatial density of dyadic Ca 2+ release flux led to higher increases in both, Ca 2+ and Mg 2+ , and to a stronger decrease in ATP 2− . Models where the value of i RyR was varied showed a linear dependence between i CRU and Ca 2+ , Mg 2+ , and ATP 2− concentration change (left panels of Fig. 4E-G) . In contrast, in models with varied size of clusters (center panels of Fig. 4E-G) , the amplitudes of changes in steady-state concentrations of Ca 2+ , Mg 2+ , and ATP 2− steeply increased as the number of RyRs in the condensed cluster rose from one to 5, but they were similar when n RyR was increased from 25 to 49. Activation of a cluster of RyRs in the center of the SR membrane plane (Fig. 4E, center panel) produced much higher peak calcium levels than activation of RyRs evenly distributed over the SR membrane plane (Fig. 4E, right panel) . The effect of channel surface density on Ca 2+ , Mg 2+ , and ATP 2− concentrations (right panels of Fig. 4E-G) was similar by extent to the effect of single-channel amplitude (left panels of Fig. 4E-G) , but differed somewhat in spatial distribution due to different coordinates at which a RyR channel was present. Calculations using the slow set of rate constants (Table 1 ) provided a negligible difference in Ca 2+ concentration profiles (Fig. 4E) . Importantly, they provided almost no accumulation of Mg 2+ ions within the dyadic space (Fig. 4F) . At the same time, however, combination of free ATP 2− with the released Ca 2+ was significantly larger than for the fast set of rate constants (Fig.  4G) , obviously due to negligible participation of Mg 2+ ions in the reaction in the system. Distribution of the Ca 2+ release sources over the SR plane had little effect on the changes of steady-state concentrations of Ca 2+ , Mg 2+ , and ATP 2− averaged over the whole volume of the dyadic space, which were approximately proportional to the calcium release current. Decreasing the size of the central cluster of RyRs was slightly less effective than decreasing the single-channel amplitude or the RyR surface density in decreasing the concentration changes induced by the release current.
Time course and amplitude of concentration changes in the cytosol
For the basic model, free calcium in the cytosol increased to ∼0.83 μM during 10 ms of calcium release (Fig. 5A) . Under these conditions, CaATP reached a peak concentration of 2.0 μM with the fast set of rate constants (Fig. 5B ) and 2.1 μM with the slow set (data not shown). The cytosolic values of free Mg 2+ and MgATP concentrations were practically unchanged, as expected for such a small change of Ca 2+ . If the calcium release flux was decreased, the cytosolic increase in free Ca 2+ and CaATP was almost proportionally reduced. The time course of Ca 2+ and CaATP in the cytosol did not depend measurably on the model of calcium release, i.e., it was the same whether i CRU was changed by changing i RyR or cluster size. It was also independent of the diffusion coefficients in the dyadic space and of the rate constants of reactions between ATP 2− and the Ca 2+ and Mg 2+ ions. After release termination, the majority of Ca 2+ was extruded from the cytosol by the action of SERCA and a smaller fraction was extruded by NCX. For the parameters given in Table 2 , this process could be approximated by two exponential components. About 30% of Ca 2+ decreased with a time constant of 15 ms, whereas the remaining ∼70% decreased with a time constant of 230 ms. We suppose that the time course of Ca 2+ decline is based on the Michaelis-Menten kinetics of SERCA, coupled with the kinetics of cytosolic buffering.
For the given set of parameters, the size of the cytosolic compartment (in the range of 1-10000 μm 3 ) had negligible (Table 1) . Solid, dashed and dotted lines represent simulations with variable single channel amplitude, cluster size, RyR density, respectively. impact (< 5%) on the time course and spatial profile of any species in the center of the dyadic space during calcium release (data not shown). At the edge of the dyadic space, where concentrations of all reactants were equal to their cytosolic concentrations, the concentration of free Ca 2+ decreased with increasing volume of the cytosol (not shown).
Discussion
Calcium release in the cardiac dyad as a reaction-diffusion problem was previously analyzed only in a one-dimensional approximation [14, 30] . In the presented model, the dyadic space was defined in all three spatial dimensions, and Mg 2+ and ATP 2− were added to the system. Simulations revealed substantial spatial variation of both, the instantaneous and the steady state Ca 2+ concentrations, in the vicinity of RyRs. This result indicates that very local Ca 2+ control, at the scale of nanometers, should be considered in E-C coupling phenomena. Additionally, 3D modeling revealed that during a typical open time of RyRs, ∼2 ms in the H-mode [18, 10, 17, 59] [59] , lasting for few hundred microseconds or less, may provide Ca levels of only ∼300 μM, due to the buffering effect of plasmalemmal Ca binding sites (Fig. 2G) .
Inclusion of Mg 2+ and ATP 2− into calculations was also productive despite their lower spatial dynamics. The concentration profile of Mg 2+ strongly depended on the kinetics of its complexation with ATP 2− . With the fast set of rate constants [45] , the increase of Mg 2+ concentration by up to 50% led to steady-state values effectively inhibiting RyR open probability in bilayer experiments [10] [11] [12] . Importantly, Mg 2+ has been shown to act not only as a competitive inhibitor of Ca 2+ -induced activation [10] [11] [12] 16] , but also at a separate inhibitory site [11, 12] , where its apparent IC 50 value has been determined to be ∼10 mM at a constant calcium concentration [11] but as low as ∼0.7 mM immediately after activation by high Ca 2+ concentrations [12] . Therefore, although in the steady state, modulation of the channel by Mg 2+ exerts only a modest effect on RyR open probability [16] , its effect upon rapid activation of RyRs may be much more prominent. In contrast, with the slow set of rate constants [49] , Mg 2+ concentrations changed by less than 5% and therefore under these conditions Mg would not be expected to exert a dynamic effect on RyR open probability.
The concentration of ATP 2− inside the dyadic space decreased substantially during Ca release. The effect was pronounced for both sets of rate constants because the kinetics of CaATP formation was sufficiently fast in both cases. Free ATP 2− concentration was decreased down to 0.1 mM, that is, to levels below the EC 50 for RyR activation [17] . Additionally, even if the decrease of ATP does not lead to a drastic decline of open probability, it potentiates the inhibitory effect of Mg 2+ [16] .
At present the lack of quantitative models of RyR modulation by Ca 2+ , Mg 2+ and ATP 2− precludes predicting the effect of changes in concentrations of these ions on RyR activity during release quantitatively. However, taken together, the increase of free Ca 2+ to the millimolar range, accompanied by a decrease of free ATP 2− below 200 μM, and eventually by an increase of free Mg 2+ above 0.7 mM, might contribute substantially to reduction of the RyR open probability and thereby to cessation of Ca release. In other words, our calculations indicate that under physiological conditions the termination of Ca release may result from the synergic effect of the construction and chemistry of the mammalian cardiac dyad. The importance of this effect will increase with increasing dyadic calcium release current (Fig. 4) and decreasing diffusion coefficient (Fig. 3 ).
An interesting outcome of the modeling is the finding that within a millisecond, Ca 2+ concentration in the center of the dyadic space becomes comparable to the free calcium level in the SR lumen at calcium loads generally considered to be normal ∼1 mM [50] . In this context it is notable that higher free Ca levels of up to 2 mM were reported by Shannon et al. [60] . Nevertheless, our simulations show that if the calcium flux in a single calcium release unit is as high as reported [ 21, [24] [25] [26] [27] 29] , the concentration gradient of Ca 2+ ions between the lumen of the terminal cistern and the dyadic space may vanish. This may happen even when the number, planar density, or conductance of RyRs is at their low margin (Fig. 4) or if the Ca 2+ diffusion coefficient is at its high margin (Fig. 3) . We suggest that the most effective value of i CRU is that producing a steady state level of [Ca 2+ ] in the cleft close to the luminal concentration. Although the calcium gradient across the SR membrane vanishes almost to zero in that case, this may not inevitably lead to a substantial decrease of the calcium flux, as the driving calcium gradient is then shifted towards the boundary of the dyadic space with the cytosol. That is, although Ca 2+ concentration at certain locations within the dyad approaches luminal concentration, the cytosolic Ca concentration remains low and rises very slowly, and the overall driving force acting on Ca ions in the SR lumen stays very high during the period simulated in this study. Thus, an appropriate number of optimally operating RyRs in the dyad should not represent a hindrance to calcium flux and the bottleneck of the whole Ca release process (driven by the difference between the Ca 2+ chemical potential of the SR lumen and of the cytosol) will be the geometry of the dyadic junction. This means that increasing the number of open RyRs will not substantially increase the calcium release flux, because release will be limited by the radial diffusional resistance of the dyadic space (in contrast to skeletal dyads/ triads). This effect might be of importance for the relation between the SR calcium load and calcium release flux, i.e., for E-C coupling efficiency.
Spatiotemporal distribution of Mg
2+ and ATP 2− within the dyadic space
The spatiotemporal distribution of Mg 2+ and ATP 2− was strongly dependent on the rate constants for formation and dissociation of the MgATP complex.
The fast set of rate constants ( ] in the dyadic space during calcium release. To resolve these uncertainties, the rate constants in question should be measured with higher precision under conditions mimicking the cellular environment.
Limitations of the present study
There are several methodological limitations in this study. We used an approximation of constant i RyR during the whole period of calcium release to estimate an upper limit of Ca 2+ concentration in the dyadic space and its effect on the other species subsequently produced or consumed (Mg 2+ , ATP 2− ).
The unitary RyR current may be time-dependent due to local depletion of Ca 2+ in the junctional SR [61, 62] that may lead to a reduction of the calcium gradient across the SR membrane. However, calcium release fluxes determined experimentally [29] suggested a constant single-channel current through RyRs that was independent of the calcium release flux during simultaneous opening of 1 to 7 RyRs in a spark. Kubalova et al. [61] provided calibrated records (their Fig. 5B and Fig. 4C) , from which it can be estimated that the extent of luminal Ca depletion is not substantial: the free luminal Ca decreased only by 15% within 50 ms from the commencement of calcium release.
We have simulated calcium release without the inclusion of calcium influx through the DHPR channels, approximating a spontaneous dyadic calcium release event. Calcium influx through a DHPR channel would pre-elevate Ca 2+ concentration in the dyadic space to ∼70 μM [31] , and therefore the temporal Ca 2+ profile during triggered calcium release event would differ from our simulations during the first few microseconds of calcium release (cf. Fig. 2G ).
Due to the stochastic nature of RyR gating, the number of activated RyRs and the number of simultaneously open RyRs in the cluster may be limited to only a fraction of channels in the terminal cistern. Indeed, confocal experiments on rat cardiac myocytes [21, 26, 29, 41] suggest that the number of simultaneously open RyRs during a calcium spark is substantially lower than electron-microscopic estimates of the total RyR number per dyad [6] . As illustrated in Fig. 4 , the number, surface distribution, and mean open time of RyRs are important for Ca 2+ accumulation in the dyadic space. Therefore, inclusion of stochastic activity of RyRs, according to an appropriate gating model, would be useful for exact description of both Ca 2+ dynamics and the coupled Mg 2+ and ATP 2− dynamics. We have used the continuous approximation for simulation of the dyadic space, although the total number of interacting particles in the dyad is relatively low. The resulting picture should be therefore seen as an average dyad of a typical myocyte or as the average of many release events, as previously proposed [20] . Nevertheless, we assume that the errors introduced by the continuum approximation will be smaller than the inaccuracies introduced by the uncertainties in the model parameters.
In the present version of our model, we have not included electrodiffusion. Its effects on the calcium profiles in the case of Ca 2+ release should be smaller than those in the case of Ca 2+ influx through the sarcolemma [31] , because the Ca 2+ sources are located at the SR membrane, supposedly free of surface charges. Therefore the concentrations of ions near the RyRs, which are > 10 Debye lengths from the sarcolemmal surface charges, will be only slightly affected. 
